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Lorentz invariance is a well known fundamental concept of special relativity but its violation is predicted by some variations of 
quantum gravity, string theory, and some alternatives to general relativity. We study neutrino oscillation at the presence of the 
Lorentz invariance violation in vacuum, normal and nuclear media. It is shown that for very high energy neutrinos the neutrino 
oscillations due to mass difference is suppressed and its contribution to the conversion probability is negligibly small, but the 
contribution of the Lorentz invariance violation term is not zero. This means that the observation of very high energy neutrino 
oscillations may be a signal of the discreteness of space and Lorentz invariance violation. 
  
1. Introduction 
Neutrino was first postulated in 1930 by Wolfgang Pauli to preserve the conservation of energy, momentum, and 
angular momentum in beta decay. Neutrino oscillation was  predicted first by Bruno Pontecorvo in 1957. It is 
a quantum mechanical phenomenon and implies that  neutrino created with a specific lepton flavor (electron, muon, 
or tau) can later be changed to different flavor. Neutrino oscillation is of great theoretical and experimental interest, 
particularly, the existence of neutrino oscillation resolved the long-standing solar neutrino problem. Neutrino oscillation 
was discovered by  Super-Kamiokande  and the Sudbury Neutrino Observatories. 
On the other hand, Heisenberg's uncertainty principle is one of  the most important results of  twentieth century physics 
which states that, there is a fundamental limit for the measurement accuracy, with which certain pairs of physical 
observables, such as position and momentum or energy and time, can not be measured, simultaneously. Recentlly, 
deduced from different approaches related to the quantum gravity (QG) such as black hole physics and string theory, a 
minimal length was predicted. Such a consequence arises due to the fact that strings cannot probe distances smaller than 
the string scale. This view is also supposed by many Gedanken experiments. The existence of a minimal length leads to 
the modification of the Heisenberg uncertainty principle to a Generalized Uncertainty Principle (GUP), which has 
various implications on a wide range of  physical systems. 
Lorentz invariance is one of  the main and basic concepts in special relativity (for more than one century) and states 
that, the laws of physics are invariant under Lorentz transformation. Lorentz invariance imply that spacetime structure 
is the same at all scales, that is, Lorentz symmetry assumes a scale-free nature of  spacetime. there is no fundamental 
length scale associated with the Lorentz group. So the discreteness of space can lead to the violation of  the Lorentz 
invariance (VLI). As mentioned above, the existence of fundamental length is predicted by some theories including, 
quantum gravity, string theory, Doubly Special Relativity and noncommutative geometry. An interesting point is that a 
generalized uncertainty principle (GUP) leads  to the quantization of  length, areas and volumes [1,2].  These results 
suggest the discreteness of space and  fundamental granular structure of space.  
So there is possibility of Lorentz invariance violation (LIV) in nature due to discreteness of space . Then a question 
naturally arise : Can we check Lorentz invariance violation by neutrino oscillations? . In this work we study neutrino 
osccillation in a discrete space and compare the results with ordinary (continuous space ) to check deviation from 
Lorentz invariance. 
 
2.1. Generalized Uncertainty Principle (GUP)   
The GUP relation which is consistent with string theory and  black hole physics has the following form [1,2] : 
                                                                        (1) 
It is shown in [1,2], that this GUP commutation relation implies the discreteness of space. For a free particle, Dirac 
equation is : 
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                                                                                                                          (2) 
 
The GUP-corrected  energies of  the Dirac equation [2] are given by : 
                                                                                                                             (3) 
where : 
                                                                                                                                                             (4) 
and  is the wavenumber that satisfies in the relation : 
                                                                                                                          (5) 
which is the free Dirac particle energy in the absence of GUP. 
For high energy neutrinos we have : 
 
                                                                                                                         (6) 
 
2.2. Neutrino oscillations- Basic equations. 
The probability of  measuring a particular flavor for a neutrino varies periodically as it propagates through space. Flavor 
neutrinos are weak interaction eigenstates and can be considered as the superposition of  the mass eigenstates. The basic 
equations governing the neutrino oscillations are as follows : 
                                                                                                                                                           (7) 
 
i=1,2,3.  are the mass eigenstates. The flavor eigenstates and the mass eigenstates are related by a unitary 
transformation as follows : 
 
                                                                                                                                   (8) 
where  is the flavor index. Time evolution of  the flavor neutrino states are as follows :                                                                                         
                                                                                                                       (9) 
 
The probability of oscillations is given by : 
 
                                                                                                                                                  (10) 
 
For two component neutrino oscillations i=1,2. The unitari matrix U is given by : 
 
                                                                                                                (11) 
 
So, we have :  
 
 
                                                                                             (12) 
2.3. Neutrino oscillations due to LIV in a discrete space: vacuum 
The Hamiltonian  in the mass eigenstates is : 
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                                 (13)     
where  are the GUP parameters  in  Eq.(1) and  are free parameters characterizing the deviation from Lorentz 
symmetry [4-6]. The Hamiltonian in the base of  flavor eigenstates is given by :  
 
( )+[( )+ ( )           (14) 
 
where:  and =  The mixing angle is given by : 
 
tag 2  
 
We consider the probability of  oscillations (conversion) as follows [7]: 
 
( ϕ/2)                                                                                                                                              (15) 
 
The phase  is given by : 
 
                                                                                                                                                               (16) 
where : 
                                                                                                        (17) 
 
So the oscllation phase can be separated into two parts : 
                                                                                                                                                           (18) 
Where  is proportional to the first term  and  is proportional to the rest terms. It is observed that for  very 
high energy neutrinos (for  which ) the vacuum oscillation phase tends to zero and probability of oscillation 
is mainly contributed from LIV phase. 
 
2.4. Neutrino oscillations due to LIV in a discrete space : Normal media 
In normal media, due to the interaction of neutrinos with electrons, the Hamiltonian, the neutrino mixing angles and the 
mass squared are modified. Electron neutrinos can interact with electrons via both charge and neutral currents but muon 
and tau neutrinos interact with electrons only through charge current.   In this case the Hamiltonian is given by : 
 
                                                       (19) 
See also [4]. ,  and  are the number densities of electrons, nucleons and the Fermi coupling constant 
respectively. 
 
the energy ε is as follows : 
 
                                                                                                    (20)      
                                                                                                     
4 
 
eConf C16-09-04.3 
 
                                                                                                                
From Eqs. (16) and (20), we have the following form for the oscillation phase : 
                                                                                                                                             (21) 
 
The osillation probability is given by : 
(ϕ/2)                                                                                                                                                (22) 
 
It is observed that similar to the vacuum, for very high energy neutrinos the contribution of the first term in Eq. (20), 
vanishes but contrary to the vacuum there is a non-vanishing contribution due to the interaction of  neutrinos with 
matter. There is also a contribution from discreteness of space and VLI term. 
 
2.4. Neutrino oscillations due to LIV in a discrete space : Nuclear media 
In nuclear media we need to consider the weak  interaction between  neutrinos and quarks  . The Hamiltonian is as 
follows : 
 
                                                     (23) 
where: 
 ,   are the Cabibbo – Kobayashi- Maskawa (CKM) matrix 
elements   is the nucleon number density and  is the momentum transfer between neutrinos and quarks. 
, see e.g.,[3]. The energy ε  is given by :    
 
                                                                                                       (24)    
From Eqs. (16) and (24), the oscillation phase takes the following form : 
                                                                                         (25) 
 
Again we find that similar to the vacuum, for very high energy neutrinos the contribution of  the mass-difference  term 
in Eq. (24), vanishes but contrary to the vacuum there is a non-vanishing contribution due to the interaction of  
neutrinos with quarks and  also a contribution from discreteness of space and VLI term. 
In conclusion, the observation of  very high energy neutrinos oscillation  in vacuum may be a sign of  discreteness of 
space and VLI. But the oscillations of  very high energy neutrinos in normal and nuclear media are contributed from  
both interaction of  neutrinos with matter and discreteness of  space. It is worth mentioning that we have assumed that 
the GUP parameter α , and the LIV free parameter  B, are energy dependent. If  they are constant, then their 
contributions to the osillation phase φ is zero in three cases discussed  in this work.    
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